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SZEGO KERNEL ASYMPTOTICS AND MORSE INEQUALITIES ON CR MANIFOLDS 

WITH 51 ACTION 

CHIN-YU HSIAO AND XIAOSHAN LI 


Abstract. Let X be a compact orientable CR manifold of dimension 2n — 1, n > 2. We 
assume there is a transversal CR action on X. Let be the fc-th power of a rigid 
CR line bundle L over X. Without any assumption on the Levi-form of X, we obtain a 
scaling upper-bound for the partial Szegb kernel on (0, g)-forms with values in L*’. After 
integration, this gives the weak Morse inequalities. By a refined spectral analysis, we also 
obtain the strong Morse inequalities in CR setting. We apply the strong Morse inequalities 
to show that the Grauert-Riemenschneider criterion is also true in the CR setting. 
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1. Introduction and statement of the main results 

The problem of embedding CR manifolds is prominent in areas such as complex anal¬ 
ysis, partial differential equations and differential geometry. Let X be a compact CR 
manifold of dimension 2n — 1, n > 2. When X is strongly pseudoconvex and dimension 
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of X is greater than five, a classical theorem of L. Boutet de Monvel [51 asserts that X 
can be globally CR embedded into C^, for some iV G N. For a strongly pseudoconvex CR 
manifold of dimension greater than five, the dimension of the kernel of the tangential 
Cauchy-Riemmann operator 8^ is infinite and we can find many CR functions to embed 
X into complex space. Inspired by Kodaira, the first-named author and Marinescu in¬ 
troduced in IITSI the idea of embedding CR manifolds by means of CR sections of tensor 
powers of a CR line bundle L ^ X. To study Kodaira type embedding theorems on 
CR manifolds, it is crucial to be able to know 

Question 1.1. When dimif°(X, L^) « k^,for k large, where H^{X, L^) denotes the space 
of global smooth CR sections of L^. 


Inspired by Demailly the first-named author and Marinescu established in lfT2l ana¬ 
logues of the holomorphic Morse inequalities of Demailly for CR manifolds 


Theorem 1.2. We assume that Y (0) and Y (1) hold at each point of X. Then as A: —)• oo, 
- dim H^{X,L^) + dimHl{X,L’^) 


( 1 . 1 ) 




(2vr)^ 



lx 


\det{Tl^ + 2sCx)\ dsdvx{x) 


+ / \det{Tlx+2sCx)\dsdvx{x)) + o{k'^), 


where TZ^ is the associated curvature of L at x C X, Hl{X,L^) denotes the first df, coho¬ 
mology group with values in L^, dvx is the volume form on X, Cx denotes the Levi form of 
X at X G X, and for x G X, q = 0,1, 

= {s G M; TZx + 2sCx has exactly q negative eigenvalues 
and n — 1 — q positive eigenvalues}. 


When 1"(0) and 1"(1) hold, from Kohn’s results, we know that dim {X, L^) < oo 

and dim L^) < oo. From (II.ID . we see that if 

(1.3) / / \det{Tlx + 2sCx)\dsdvx{x) > / / \det{Tl^ + 2sCx)\dsdvxix) 

then L is big, that is dim H^{X,L^) ~ k'^. This is a very general criterion and it is 
desirable to refine it in some cases where (II.3D is not easy to verify. In general, it is 
very difficult to see when (II.3D holds even L is positive. The problem comes from the 
presence of positive eigenvalues of TZ}: and negative eigenvalues of Cx- By using The¬ 
orem [T2] to approach Ouestion ll.il we always have to impose extra conditions linking 
the Levi form and the curvature of the line bundle L. Similar problems also appear in 
the works of Marinescu [T5ll . Berman [4]] where they studied the O-Neumann cohomol¬ 
ogy groups associated to a high power of a given holomorphic line bundle on a compact 
complex manifold with boundary. In order to get many holomorphic sections, they also 
have to assume that, close to the boundary, the curvature of the line bundle is adapted 
to the Levi form of the boundary. In [T0[ , by carefully studying semi-classical behaviour 
of microlocal Fourier transforms of the extreme functions for the spaces of lower energy 
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forms of the associated Kohn Laplacian, the first-named author prove that L is big when 
L is positive, 1"(0) and ^(l) hold on X under certain Sasakian conditions on X and 
L without any extra condition linking the Levi form of X and the curvature of L. All 
these developments need the assumptions that the Levi form satisfies condition 1^(0) 
and y(l). But in some important problem in CR geometry, we need to know when L 
is big without any assumption of the Levi form. For example, Ohsawa and Sibony IfT^ 
studied Kodaira type embedding theorems on Levi-flat CR manifolds. In their work, it 
is important to understand the space H^{X,L^) for k large. Adachi Ol constructed a 
positive CR line bundle L over a Levi-flat compact CR manifold X of dimension 2re — 1 
such that dimLL°(X, L^) < k'^~^ < fc” for k large. We are lead to ask the following 
questions: 

Question 1.3. Can we establish some kind of Morse inequalities and Grauert-Riemenschneider 
criterion on some class ofCR manifolds without any Levi-curvature assumption? 

The purpose of this work is to answer Question 1 1.31 


1.1. Our main results. Let us now formulate our main results. We refer to section 
for some standard notations and terminology used here. Let {X,T^’^X) be a compact 
CR manifold of dimension 2n — 1, n ^ 2. We assume that X admits a transversal CR 
action e*®, 0 < 0 < 27r and we let T be the global vector field induced by the 
action. Let L be a rigid CR line bundle over X. For every u G L^), we can define 

Tu € L^) and we have 

(1.4) Tdb = dbT on n^^^{X,L^), 

where db ■ Cl^’‘^{X, L^) —)■ L^) denotes the tangential Cauchy-Riemann opera¬ 

tor with values in L^. For every m G Z, put 

(1.5) L^) := |n G Tu = zmn} . 

From (II.4D . we have the Ob-complex for every m G Z: 

(1.6) Ob : • • • ^ L") ^ n^J{X, L^) ^ L") ^ . 


For every m G Z, the g-th Ob cohomology is given by 

KerOb : L!^''(X,L^) 


(1.7) 






ImOb : d^ri?~\X, L^) 




The starting point of this paper is that without any Levi curvature assumption, for every 
m G Z and every g = 0,1, 2,... , re — 1, 


( 1 . 8 ) 




Fix A > 0 and set H^^^{X,L^) := 0 H^^{X,L^). In this work, we study the 

mGlA^\m\<X 

asymptotic behavior of the space and its partial Szegd kernel. Our main 

results are the following 
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Theorem 1.4 (weak Morse inequalities). For k large and for every q = 0,1,2,... ,n — I, 
we have 

(1.9) 

dunHl^,,{X,L>^) < {27r)--jt})Lkn f j (7^ir+2s£.)"-^A(-u;o(x))ds+o(fc"), 

(n-ij! Jx iR^,gn[-'5.<5] 

where TZ^ denotes the curvature of L, Lx denotes the Levi form of X, cjq is the unique 
global non-vanishing real one form determined by {wo , u) = 0, Vu G T^’^X © T^'^X and 
{uiQ , T) = —1 and 

(1.10) 

:= {s E M : TZ^ + 2sCx has exactly q negative and n — 1 — q positive eigenvalues}. 

Note that n^,Cx E A xf’^X (see (fT:22D and Definition [TH) . Hence, (7^^ + 

2s£x)'^~^ A (—a;o(a;)) is a global 2n — 1 form on X. Any Hermitian fiber metric on L 
induces a curvature TZ^. It is easy to see that the integral in (I1.9D does not depend on 
the choice of Hermitian fiber metric of L. 


Theorem 1.5 (strong Morse inequalities). For k large and for every q = 0,1,2,... ,n — 2, 
we have 

( 1 . 11 ) 

j=0 


<(2vr) 




(n — 1)! 


(-irE 



(7^^ + 2s£a;)"' ^ A (—a;o(a^))ds + o(A:"'), 


j=0 ^ (~ 1 [ ( 5 ,( 5 ] 

and when q = n — 1, we have asymptotic Riemann-Roch-Hirzebruch theorem 


( 1 . 12 ) 


n—1 

dim Hl^,,{X,L 

3=0 

n—1 


= (2vr) 


A;" 




E 


j=Q ^ n[ >5,(5] 


(7^,^ + 2 s£ 3 ;)’^ ^/\ {-ojo{x))ds + o{k'^). 


Definition 1.6. We say that {L,h^) is a positive CR line bundle over X if for any point 
p E X, TZp is a positive Hermitian quadratic over T^'^X. 

Assume that TZ^ is positive. The point of this paper is that if <5 > 0 is small enough 
then M.xj = 0, Vx E X and for every j = 1,2,..., n — 1. From this observation, (I1.9D 
and (I1.12tt . we conclude that 

dim7A°<,5(X,L") = (27r)-^^A;" [ [ (7^i;+2s£,)-lA(-a;o(x))ds+o(A:"). 

(n-ij! 7x JR^^oni-s.s] 

Hence, dim77°,,;^^(X, L^) « kF. We conclude that 

Theorem 1.7. If Lis a rigid positive CR line bundle, then L is big, that is dim W°(X, L^) ^ 
when A; 3> 1. 
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We notice that from Theorem 11.41 and Theorem 11.51 and some simple argument, we 
can easily deduce Demailly’s weak and strong Morse inequalities (see the proof of Corol¬ 
lary [T^S]). 

Definition 1 . 8 . We say that condition X{q) holds on X if there is a 5 > 0 such that 
n [“<5) <5] = 0^ /o'" every x € X. 

In this work, we generalize Grauert-Riemenschneider criterion to CR manifolds with 
action and to general (0, g)-forms. 

Theorem 1.9 (Grauert-Riemenschneider criterion). Given g G {0, 1,..., n — 1}, assume 
that X{q — 1) and X(g + 1) hold on X. Then, for some 6 > 0, 

(1.13) 

dimW,%,,(X,L") = (27r)-/^A;- [ [ (7^i;+2s£,)-V(-a;o(x))ds+o(fe-). 

(n-ij! Jx JR ^, qf ][- S , 5 ] 

Definition 1 . 10 . We say that L is a CR semi-positive line bundle over X if there exists a 
constant (5 > 0 such that TZf. + 2sCx is a semi positive Hermitian quadratic over T^’^X for 
any x G X, |s| < (5. 

When L is semi-positive, it is easy to see that condition X(l) holds on X. From 
this observation and Theorem 11.91 we obtain the standard Grauert-Riemenschneider 
criterion 


Theorem 1.11. If L is a rigid semi-positive CR line bundle and positive at least at one 
point, then L is big. 


1.2. Set up and terminology. Let (X, T^’°X) be a compact GR manifold of dimension 
2n — 1, n > 2, where T^'^X is a GR structure of X. That is T^'^X is a subbundle of rank 
n — 1 of the complexified tangent bundle CTX, satisfying T^’^X n = {0}, where 

T^dx = T^fiX, and [12,12] c 12, where 12 = C°°{X,T^'^X). We assume that X admits a 
action: x X ^ X. We write e*® to denote the action. Let T G C°°{X,TX) be 

the global real vector field induced by the action given as follows 


(1.14) 


(Tn)(x) 



,n G C“(X). 

0=0 


Definition 1.12. We say that the action e*®, 0 <9<2'k, is CR if 


[T,C°°(X,T^’°X)] C C°°(X,r^’°X). 


Furthermore, we say that the action is transversal if for each x G X, 

T{x) © ri’°(X) © T^’^x = CTxX. 


We assume throughout that {X, T^'^X) is a CR manifold with a transversal CR 
action 0 < 0 < 27r and we let T be the global vector field induced by the action. 
Let too C C°°{X, T*X) be the global real one form determined by (too , rt) = 0, for every 
u G T^’^XeT^’^X and (coo, T) = -1. 
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Definition 1.13. For x £ X, the Levi-form Cx is the Hermitian quadratic form on Tx'^X 
defined as follows. For any U,V £ Tx’^X, pick U,V £ C°°{X,T^’^X) such thatU{x) = 
U,V{x) = V. Set 

(1.15) £x(U,V) = ^^(lFl,Vj(x),uJo(x)} 

where [, ] denotes the Lie bracket. Note that Cx does not depend on the choice ofU and V. 

Denote by T*^’^X and T*'^’^X the dual bundles of T^’^X and T^’^X, respectively. 
Define the vector bundle of (0, g)—forms by Let D c X be an open 

subset. Letn°’'?(Z)) denote the space of smooth sections ofT*°’'^X over Z) and let nQ'^(D) 
be the subspace of whose elements have compact support in D. Similarly, if E 

is a vector bundle over D, then we let denote the space of smooth sections 

of ® E over D and let fig E) be the subspace of E) whose elements 

have compact support in D. 

Fix 6q £ [0, 2tt). Let 

: CTxX CT^iSoxX 

denote the differential map of : X —)• X. By the property of transversal CR action, 
we can check that 

: Ti’OX ^ T^J^^X, 

(1.16) : r°-ix ^ r°4^x, 

de^^°{T{x)) = r(e*®°x). 

Let (de*®o)* : A9(CT*X) ^ M{CT*X) be the pull back of de^^fq = 0,1 • • • ,n - 1. 
From (11.161) . we can check that for every g = 0,1, • • • , n — 1 

(1.17) : T*Je^^X r*°’‘'X. 

Let u £ n°’'^(X). Define Tu as follows. For any Xi, • • • ,Xq£ Ti’°X, 

(1.18) rn(Xi,... ,Xq) := — ((de*^)*n(Xi, • • • ,X,)) 

Let db : D‘’’'^(X) —)■ D‘^’'^+^(X) be the tangential Cauchy-Riemann operator. It is 
straightforward to see that (see also the discussion after Theorem |1.29D 

(1.19) Tdb = dbT on n^’YX). 

Definition 1.14. We say that a function u £ C°°{X) is Cauchy-Riemann (CRfor short) if 
dbu = 0 and we call that u is a rigid CR function if dbu = 0 and Tu = 0. 

Definition 1.15. Let E be a complex vector bundle over X. We say that E is a CR vector 
bundle over X if its transition functions are CR functions and E is a rigid CR vector bundle 
over X if its transition functions are rigid CR functions. 

From now on, let L be a rigid CR line bundle over X. We also write db to denote the 
tangential Cauchy-Riemann operator acting on forms with values in L: 

db : n^’YX,L) D°’'?+Hx,L). 
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Let s be a local holomorphic trivializing section of L on an open subset D c X and 
locally for any u G L), write u = u <Si s, u G we define Tu = Tu (g) s. 

Since the transition functions are rigid CR functions, Tu is well defined. Moreover, we 
have 

(1.20) Tdb = dbT on 

Fix a Hermitian fiber metric on L and we will denote by $ the local weight of 
the Hermitian fiber metric h^. More precisely, if s is a local trivializing section of L on 
an open subset D c X, then the local weight of with respect to s is the function 
‘b G C'°°(D,M) for which 

( 1 . 21 ) \s{x)\lL=e-'^^^\xGD. 

Definition 1.16. For x G D, we define the Hermitian quadratic form on T^^X by 

(1.22) M^{U,V) = ^{d(db^ - db<F){x),U AV),U,V gT^'^X. 

Mf is called the Chern curvature of (L, h^). From Proposition 4.2 in [11211 . Mf does 
not depend on <b when L is a rigid CR line bundle. So we denote by TZ^. 

1.3. Hermitian CR geometry. Fix a smooth Hermitian metric (-I-) on CTX so that 
T^’^X is orthogonal to T is orthogonal to T^’^X © and {T\T) = 1. The 

Hermitian metric (-I-) on CTX induces by duality a Hermitian metric on CT*X and also 
on the bundles of (0, ( 7 )—forms q = 0,1- ■ ■ , n — 1. We shall also denote all these 

induced metrics by (-I-). For every v G T*^’‘^X, we write [up := (t'|t'). We have the 
pointwise orthogonal decompositions: 

CT*x = © {At^o: a g c|, 

(1.23) 

CTX = © {AT : A G C}. 

Definition 1.17. Let D be an open set and let V G C°°{D,CTX) be a vector on D. We 
say that V is T—rigid if 

(1.24) de^^°{V{x)) = V{e^^°x) 
for any x,9o G [0, 27r) satisfying x G D, G D. 

Definition 1.18. Let (-I-) be a Hermitian metric on CTX. We say that (-I-) is T—rigid if 
for T—rigid vector fields V, W on D, where D is any on open set, we have 

(1.25) {V{x)\W{x)) = ((de*'^°H)(e*®°x)|(de*®°iy)(e*'^°x)),Vx G T),0o G [0,27r). 

From theorem 9.2 in lITTil . there is always a T—rigid Hermitian metric (-I-) on CTX 
such that T^’OXTTO’^X, TT{T^'^X © T^’^X), (T|T) = 1 and (ul-c) is real if u, v are real 
tangent vectors. Until further notice, we fix a T—rigid Hermitian metric (-I.) on CTX 
such that T^’^X±T°'^X,T±{T^’°X © T^’^X) and (T|T) = 1. 

Definition 1.19. h^ is said to be a T—rigid Hermitian fiber metric on L if T«b = 0. 
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Lemma 1.20. There is a T— rigid Hermitian fiber metric on L. Moreover, for anyHermitian 
metric on L, there is a T— rigid Hermitian metric h^ of L such that TZ^ = on X, 
where TZ^ and denote the curvatures induced by h^ and h^ respectively 

We will prove Lemma [1 .201 in the end of section [L5l 

Until furthermore, we assume that is a T—rigid Hermitian fiber metric on L and 
X is compact. For A; > 0, we shall consider (L^, h^'"). For m E Z, put 

(1.26) = {« E : Tu = imu}. 

Let if be the inner product on L^) induced by , (• | •) and let \\-\\^Lk 

denote the corresponding norm. Let s be a local trivializing section of L on an open set 
D C X. For u = u ® ,v = V ® E Hq L^), we have 

(1.27) {u\v)j^Lk = f {u\v)e~'^^^'^'>dvx, 

J JV 

where dvx is the volume form on X induced by (• | •). Let com¬ 

pletion of Tl^{X, L^) with respect to {■\-)^Lk. For m E Z, let 

a- 28 ) Ql, : ^ 

be the orthogonal projection with respect to {■\-)^Lk ■ Fix 5 > 0, let q)i^i 

q) (^) -b^) be the continuous map given by 

(1.29) Fsy{u)= Y. Ql,k^- 

\m\<k5 

Let : r2°’'?+i(X, L^) —)• L^) be the formal adjoint of dh with respect to {■\-)^Lf= ■ 

Since (-I-) and are T—rigid, we can check that 

(1.30) = dl,T on L'^), g = 0,1, • • • , n - 1, 

(1.31) dlf, : n^J+\X,L^) ^ H^''(X,L^),Vm E Z. 

Put 

:= dbKk + Kkdb : L^) ^ L^). 

From (I1.20D . (ll.30D and (I1.31D . we have 

(1.32) rng = ngr on n^^i{X, L^),q = O, l,... , n - l 
and 

(1.33) ng : n^JiX,L’^) ^ H^'?(X,L'=),Vm E Z. 

We will write og ^ to denote the restriction of og on the space Qm^{X, L^). For every 
m E Z, we extend og to 

□S,™ : Dom(nS,r.) c lY^^„,{x,l^) ^ 


(1.34) 
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where Dom(ng,™) = {u £ G Lf^^^^ jX,L^)}. The following 

follows from Kohn’s estimatefsee theorem 8.4.2 in Il6ll'). 

Theorem 1.21. For every s G No = N U {0}, there exists a constant Cgy > 0 such that 
(1.35) \\u\U+i < Cs,k (iP^^lls + ||Tu||, + \\u\u) ,Vu € 520’5(X,P) 

where || • denotes the sobolev norm of order s on X. 

From Theorem ll.211 we deduce that 


Theorem 1.22. Fix m £Z, for every s G Nq^ there is a constant Cgy^m > 0 such that 


(1.36) 


^^lu+i < c,^k,m + Pll.) G n^J{x,L>^). 


From Theorem 11.221 and some standard argument in functional analysis, we deduce 


the following Hodge theory for 


b,k,m' 


Theorem 1.23. Firm e Z. : Dom(n“„.) c ^ « 

a self-adjoint operator. The spectrum ofU^^l ^ denoted by Spec(n['^^ ^) is a discrete subset 
of [0, oo). For every X G Spec(n['^^ ^) the eigenspace respect to A 


(1.37) 


K 




1 ( 9 ) 


:dA^u = Xu 


'^b,k,m ' — b,k,m 
jk 


} 


= i u G DomD) 

is finite dimensional with FLl ^ ^fXL^) c Fl'jf{X,L^) and for A = 0 we denote by 
TLlrni^i harmonic space FLI^q{X, L^) for brevity and then we have the Dolbeault 

isomorphism 

(1.38) nlJX,L'^)^HlJX,L'^). 

From Theorem ll.23l and (I1.38D . we deduce that dimH^^{X, L^) < oo, Vm G Z. 

1.4. Our strategy. Notice that, although the eigenvalues of the Hermitian quadratic 
form TZ^ + 2sCx,s G M, are calculated with respect to some Hermitian metric (.|.), 
the sign does not depend on (.|.). Denote by det(7^,jj' + 2sCx) the product of all the 
eigenvalues of TZ^ + 2sCx respect to the given T—rigid Hermitian metric. Since 

when m, m' G Z and m / m', we write 

(1.39) n%{X,L>^):= 0 H^'?(X,P) 


mEZ,|m|<fc5 


and in particular, 
(1.40) 


-111 


(X.L‘):= 0 nlJX.L'-). 

mEZ,|m|</c(5 

Here (5 is a small constant. Then we have the following Hodge theory 
(1.41) 

d^K<ksix,L>^) < ^,nl^ksix,L>^) c n%{x,L>^),nl^,,{x,L^) - hI^,,{x,l^). 
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Let/j G Q^‘lg{X, L^), j = I,-- - , rrifc be an orthonormal basis for the space L^). 

The partial Szego kernel function is defined by 

ruk 

(1.42) n|„{i):=y^|/,(x)|^,.. 

i=i 

It is easy to see that n<^^(x) is independent of the choice of the orthonormal basis and 

(1.43) d\mnl^,siX,L^)= [ n^<,5(x)di;x. 

Jx - 

The following is our first main technique result 

Theorem 1.24. 

(1.44) sup{A:“"'n<^^(x) : /c > 0,x G X} < oo. 

Furthermore, we have 

(1.45) limsupA:“”'n^^^(x) < (27r)“"' / | det(7^^ + 2s£a;)|(is 

fc—400 ~ n[ —'5,<5] 


for all X £ X. 

From Theorem 11.241 and by Fatou’s lemma, we obtain Theorem 11.41 From Theo¬ 
rem [inland some simple argument, we deduce 

Corollary 1.25 (Demailly’s weak morse inequalities). Let M be a compact Hermitian 
manifold with dimrM = n — 1 and (L, h^) be a Hermitian line bundle over M. Then 
Vg = 0,l,2,...,n-1, 

(1.46) dimFf|(M,L^) < A:"-^(27r)-(^-^) / | det7^^|(iuM(x) + o(fe’"-^), 

° JMiq) 

where Hl{M, L^) denotes the q-th d-cohomology group with values in L^, dvM is the in¬ 
duced volume form on M, TZ^,x £ M is the Ricci curvature of the Hermitian line bundle 
{L, h^) and M{q) is a subset of M where TZf. has exactly q negative eigenvalues and n — l — q 
positive eigenvalues. 

Proof Let X = M x S^. Then X is a Levi-flat CR manifold of dimffiX = 2n — 1 with 5^ 
action e*® and the global induced vector field is T = ^. Let tti : X = M x ^ M he 
the natural projection. Then Li := tt^L is naturally a T— rigid CR line bundle over X. 
It is easy to see that 


1 

2k+ 1 


(1.47) 


dimF|(M, L^) 
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From (I1.9D . we have 

< (27r)“"A;"' [ f \ detTZf^^ + 2s£x\dsdvx + oik"^) 

Jx JR^,qn[-i,i] 

n 4fi^ = ( 27 r)"’"A:’" / [ \ detn^^\dsdvx + o{k^) 

= 2{2'k)~'^ f \ det TZ^\dvMdvgi + o{k"‘) 

JM{q)xS^ 

= 2(271)“*'"'“^^/c” f \ det Tl^\dvM + o{k"'). 

JMiq) 

From (11.48ft and (11.471) . we get the conclusion of the Corollary 1 1.251 


□ 


For A > 0 and A G M, we define 

(1-49) ^ 

and 

(1.50) ■= © 

X<ka 

Let be the Szego kernel function of the space L^). Then 

^<ks,<kal^^ = EfJi\9jix)\'^, where gj{x) G L'^), j = l,...,Mk, is any or¬ 
thonormal basis for the space Our second main technique result is 

the following 


Theorem 1.26. For any sequence Vk > 0 with Vk ^ 0 as k ^ oo, there exists a constant 
C'q independent of k, such that 

(1.51) 

for all X G X. Moreover, there is a sequence pk > 0, pk ^ 0 as k ^ oo, such that for any 
sequence Vk > 0 with lim ^ = 0, we have 

fc—l-OO 

(1.52) lim k-^Uf^^^.{x) = (27r)-’^P [ \ det(7^^ + 2s£,)|ds 

jR,,,n[-<5A] 

for all X G X. 

Integrating (11.521) . we have 


Theorem 1.27. There is a sequence pk > 0, pk ^ 0 as k ^ oo, such that for any sequence 
Vk > 0 with lim ^ = 0, we have 

fc—l-oo 

(1.53) 

dimnl^^^^^(X,L'^) = {27r)-^k^ [ [ \ det{n^ + 2sC^)\dsdvx + o{k^). 

Jx JRx:,qr\l-S,5] 
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Proof of Theorem II.9t 

a map 


® We define 

0<A<fccr 


u {d\u, dbu). 


(1.54) 


.T/IJ+l 

^b,<kS^0<X<kv]^ 


{X, L^+^) 


The map P is injective, then 

(1.55) 

From Theorem ll.27[ we have 

(1.56) = o{fc"), L‘+>) = 

Since L^) = L‘) + dim«’ i*), combin- 

ing Theorem II .271 and (11.56ft . we get the conclusion of the Theorem 1 1.91 

From Theorem 11.271 and the linear algebraic argument from Demailly in HZl , (U and 
|[I5|| . we obtain Theorem 11.51 From Theorem 11.51 we can repeat the proof of Corol¬ 
lary [T^S] and deduce 


Corollary 1.28 (Demailly’s strong Morse inequalities). Let M be a compact Hermitian 
manifold with dimcM = n — 1 and (L, h^) be a Hermitian line bundle on M. Then for any 
0 < q < n — 1, we have 

(1.57) 


^(-l)''-^ dimF7i(M,L^) < k 

3=0 


3=0 


'M{j) 


det Tl^\dvM + o{k 


TL—1\ 


1.5. Canonical local coordinates. In this work, we need the following result due to 
Baouendi-Rothschild-Treves, (see Il2ll). 


Theorem 1.29. For every point xq G X, there exists local coordinates (xi, • • • ,X 2 n-i) = 
{z,9) = {zi, ■ ■ ■ ,Zn-i,0),Zj = X 2 j-i + ix 2 j,j = 1, • • • ,n - l,X 2 n-i = 9, defined in some 
small neighborhood D = {{z,9) : \z\ < r, |0| < tt} of xq such that 


T = 


(1.58) 


A 

d9 

d 




• , n — 1 


where Zj{x),j = !,■■■ ,n — l,formabasisofTx’^X,foreachx&Dandp{z) £C°°{D,M) 
independent of 9. 


The local coordinates defined in Theorem 11.291 are called canonical local coordinates 
of X. By using canonical local coordinates, we get another way to define Tu,'iu G 
Fl^’^{X). Let (z, 9) be the canonical coordinates of X defined on H CC X. It is clearly 
that 

A • • • A d^, I < ji < ■ ■ ■ < jq < n - 1} 
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is a basis for for every x G D. Let u G On D, we write 

^ = Y1 A • • • A d^. 

h<-<jq 

Then on D we can check that 

(1.59) Tu= ^ {Tujj^...j^)dzj^ A ■ ■ ■ A dzj^ 

and Tu is independent of the choice of canonical local coordinates. 

Remark 1.30. Since the Hermitian metric (-I-) on CTX is a rigid Hermitian metric, we 
can find orthonormal frame {e^}Jzl ofT*'^’^X on D such that e^(x) = e^{z),^x = (z, 9) G 
D^j = 1, • • • ,n — 1. Moreover, if we denote by dvx the volume form respect to the rigid 
Hermitian metric on CTX, then on D, 

(1.60) dvx = m{z)dv{z)d9, 

where m{z) G C°°{D,M.) which does not depend on 6 and dv{z) = 2'^~^dxi ■ ■ ■ dx 2 n- 2 - 
With respect to the orthonormal frame defined in Remark fl.301 write 

(1.61) = Xli n = (Ji> ■ ■ ■ A • • • A 

where the prime means the multi index in the summation is strictly increasing. Then 
from (I1.13D and Remark fl.301 we can check that 

(1.62) Tu = 

Proof of Lemma [772^ Fix p G X and let {z, 6) be canonical coordinates defined in some 
neighbourhood of p such that {z{p),6{p)) = (0,0) and (I1.58D hold. Suppose that {z,6) 
defined on {z G : | 2 ;| < 5} x {0 G K : |0| < (5}, for some 5 > 0. For z G 

\z\ < 6, 9 G M., we identify (z,9) with o (z,0) G X. Thus, we may assume that 9 is 
defined on M. Put 

A :={A G [—TT, tt] : There is a local trivializing section s defined on 

{z G : \z\ < e} X [— tt, A + e), for some 0 < e < 5}. 

It is clearly that ^ is a non-empty open set in [— 7 r, 7 r]. We claim that A is closed. Let 
Ao be a limit point of A. Consider the point (0, Aq). For some ei > 0, ei small, there 
is a local trivializing section si defined on {z G : \z\ < ei} x (Aq — ei,Ao -I- ei]. 
Since Aq is a limit point of A, we can find a local trivializing section s defined on 
{z G : |z| < 62 } X [—TT, Ao — ^), for some 62 > 0. Now, s = gsi on 

{z G : 1^1 < £ 0 } X (Ao - ei, Ao - y) 

for some T-rigid CR function g, where eo = min {eij £ 2 }- Since g is independent of 9, g is 
well-defined on {z G : | 2 ;| < eo}xM. Puts = son {z G : \z\ < eo}x[—vr, Aq — 
^) and s = gsi on {z G : fz] < eo} x [Ao —Ao-l-ei). It is straightforward to check 
that s is well-defined as a local trivializing section on {z G : |z| < eo) x [— tt, Ao -L 
ei). Thus, Ao G and hence A = [— tt, tt]. 
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From the discussion above, we see that we can find local trivializations Wi,..., Wn 
such that X = U^i Wt C t = 1,... ,N. Take any Hermitian 

fiber metric on L and let denotes the corresponding local weight. Let be the Her¬ 
mitian fiber metric on L locally given by |s|^i = e~^, where $(x) = ^ J^^^{e'^^x)d9. 
It is obviously that is well-defined and T<1> = 0. Moreover, it is easy to see that 
where TZ^ and TZ^ denote the curvatures of L induced by and respec¬ 
tively. The lemma follows. □ 


2. The estimates of the partial Szego kernel function 

We first introduce some notations. For x G X, we can choose an orthonormal 
frame of T*^'^X defined in section [L5] over a neighborhood D of x. For J = 

Uir ■ ■ ,jq) with ji < ■■■ < jq, we define A • • • A e-^9. Then {e"^ : |J| = 

q, J strictly increasing} is an orthonormal frame for T*^’iX over D. For any / G ^}^’'^{X, L^), 
on D, we may write 

(2.1) / = fj = ^ C°°{D,L'^). 

The extramal function j{y) for y G H along the direction is defined by 

(2.2) Sl^gj{y):= sup |aj(2/)l • 

We can repeat the proof of Lemma 2.1 in llT2]l and conclude that 


Lemma 2.1. For every local orthonormal frame {e*^ ■ \J\ = q, strict increasing} ofT*^’^X 
over an open set D, we have for y G D 


(2.3) 


Tl'^ 


(!/) = E 


\J\=<i 


qq 


(y)- 


2.1. The scaling technique. For a given point p G X, let f/i,--- ,Un-i be the dual 
frame of e^, • • • , e'^~^ and for which the Levi-form is diagonal at p. Furthermore, let s be 
a local trivializing section of L on an open neighborhood of p and = e~^. We take 
canonical local coordinates {z, 9), Zj = X 2 j-i + ix 2 j,j = !,■■■ , n — 1 defined in Theorem 
II. 291 such that ujo{p) = —d9, {z{p), 9{p)) = 0, 


(2.4) 

for = 1, 


^(p) ^X)) = ( frip) If(p)) = 0. (m{p) If( p) ) = 1 


dxt / 

, 2n — 2, and in the canonical coordinates (z, 9), 


r\ rv 

(2.5) Uj = ^ + + 0(l(z,9)l^),j = 

where are the eigenvalues of Levi-form at p and ^ — ^d§p:):j = 

1,..., n — 1. Moreover, by changing the local trivializing section of L, we assume the 
local weight 


n—1 


$ = ^ Pj,tZjZt + O(l^l^). 
i,i=l 


(2.6) 
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In this section, we work with canonical local coordinates (z, 0) defined on an open neigh¬ 
bourhood D of p and we identify D with some open set in Let (• !•)*:$ be the 

weighted inner product on the space 17g’'^(D) defined as follows: 


(2.7) (/|ff)fc$ = [ {f\g)e 

JD 

where f,g G LIq'^(D). We denote by L‘^Q^^{D,k^) the completion of ffg’'^(L)) with 
respect to For r > 0, let Dr = {{z,9) G : \z\ < r,\9\ < r}. Here 

{z = {zi,..., Zn-i) G : l^l < r} means that {z G : |zj| < r, j = 1, • • • , n — 1}. 
Let Fk be the scaling map Fk{z, 9) = (^, |). From now on, we assume k is sufficiently 

large such that F^iDiogk) <s D- We define the scaled bundle Fj^T*^’^X on Aogfc to be 
the bundle whose fiber at (z,9) G Aogfc is 

(2.8) 

F*T*^’iX\(^^^g) = ^ ^ Strictly increasing! . 

We take the Hermitian metric on Fj^T*^'iX so that at each point (z, 9) G i^iogfc, 

k 

is an orthonormal frame for F^T*'^'^X on Aogfc. Let F^fl^'^{Dr) denote the space of 
smooth sections of Fj^T*^’‘^X over Dr and let F^fl^’‘‘{Dr) be the subspace of Fj^Q,'^’'^{Dr) 
whose elements have compact support in Dr- Given / G f}'^’'^{Dr). We write / = 
Y^'\j\=q ■ We define the scaled form F^f G F^H°’‘?(Aogfc) by 


I J| = q,J strictly increasing| 



( 2 . 10 ) 




9 




f- 


9 


For brevity, we denote F^/ by /(^, |). Let P be a partial differential operator of order 


2n—2 


one on Fk{Diogk) with coefficients. We write P = a{z,9)-^ + Y, T"he 

i=i ' 

scaled partial differential operator on D\og ^ is given by 


( 2 . 11 ) 


P{k) = 




d 

89 


2n—2 

+ V 


8 


, Fkaj-r, ■ 
^ ^ 8xi 

j=i J 


Let / G C°^{Fk{Diogk))- We can check that 

(2.12) P(^k){F*kf) = ^F^iPf). 

The scaled differential operator 8f, (^k) : Pj!H‘^’'J(Piogfc) —^ Fj^fl'^’'i~^^{Diogk) is given by 
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where (e, (^, f) a)* : ^ is the adjoint of e, (^, f) A with 

respect to the (•|•)F*J j = ^, ■ ■ ■ ,n — 1. That is, 



for all u G v G F*T*^'iX. From (HH), satisfies that 

(2.14) = ^F^idbf). 

Let (j-jfcF** be the inner product on the space F^Q^’'^{Diogk) defined as follows: 

(2.15) {f\g)kF*^ = [ {f\g)F*e-^^^^iF^m)dv{z)de 

^log k 

where dv{z) = 2'^~^dxi ■ ■ ■ dx 2„-2 ^^d dvx = m{z)dv{z)d6 on D. Let 

: F,*L!0’'?+i(Aogfc) ^ A*L!0’'?(Aogfc) 

be the formal adjoint of 96,(fe) with respect to (j•)fcF*$■ Then we also have 

(2.16) dl^,)FU = ^F*,{d,f). 

We define now the scaled complex Laplacian : A:fl°’'^(Aogfc) —^ A;fl°’'^(lliogfc) 

which is given by 

(2.17) ^ ^b,{k)9b,{k) + db,{k)db,{k)- 

Then (I2.14D and (12.16ft imply that 

t2.i8) = 

Similarly, as Proposition 2.3 in Q, Proposition 2.3 in II12I] . we have 
Proposition 2.2. 


(2.19) 



•\ — 

^^3^3 de 



on Hiog k, where is a sequence tending to zero with k ^ oo, is a second order differ¬ 
ential operator and all the derivatives of the coefficients of are uniformly bounded in k 
on Aog k- 
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Let U C Aogfc be an open set and let VF'|p’*$(A s G No := N U {0} denote 

k 

the sobolev space of order s of sections of F^T*^'^X over U with respect to the weight 
kF^^. The sobolev norm on this space is given by 

(2.20) \\u\\If*<s>,s,u I {F;^m)dv{z)de 

where u = »je'' (^, l) e mF;i(U, Fr!T-»-«X). 


Proposition 2.3. For every r > 0 with D 2 r <£ f^iogfo there exists a constant Cr,s > 0 
independent of k and the point p such that for all u G F^Ff''^{D\ogk), tre have 


( 2 . 21 ) 


l'“llfcF;<I>,s+l,G),. — ^r,s 


\kFt^,D2, 


+ 


I 6,(fc) I 


kF^^,S,D2r 


+ 


A 


s+1 


U 


kF*^,D2r 


Proof We can repeat the procedure of Kohn’s estimate with minor change (see The¬ 
orem 8.4.2 in 10) and conclude that 


( 2 . 22 ) 


\u\ 


kF*^,s+l,Dr 


— Fx^s^k 




+ IP 


( 9 ) , 


|2 

\kFj^^,S,D2r 


+ 


-'l 

aej 


s+1 


kF^^,D2r / 


for every u G F^r2°’'^(Aogfc)- Since all the derivatives of the coefficients of the operator 
are uniformly bounded in k, it is straightforward to see that A, s,k can be taken to 
be independent of k and the point p. □ 


Theorem 2.4. There is a constant Cq > 0 such that for all k and all x & X,we have 

(2.23) k-^lff^^{x) < Co. 

Proof For any fixed x G X, we choose canonical local coordinates {z, 9) defined in 
Theorem 11.291 in a neighborhood D of x. Let Uk G TLl ^^^{X, L^), pfcPifc = l,Wfc = 
Uk ® on D. Set Uf^k) ■= k~^F^{uk) on Aogfc- Write 

(2.24) Uk — ^ ^ '^k,m^'FUk^rn — i'knUk^m- 

Since L is a rigid CR line bundle, (I2.24D implies that 

(2.25) U}- — ^ ^ 

Then the scaling of Uk is given by 

(2.26) = A:"2 ^ Fj^{uk,m) 

\m\<kS,7n£'^ 


\U 


{k)\\kF*^,Di^^k 


k<S>,Fk{Di,gk) - 11 ^*^ 


satisfies 

(2.27) 


2 


= 1 . 
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From (I2.18D we have 
(2.28) 


□ 


( 5 ) f, 

b,(k)^(k) 


= 0 on L) 


log k • 


By Proposition 12.31 and combining (I2.27D . (I2.28D . for any r > 0 with D 2 r <£ Diogk, we 
have 


(2.29) 

Since 


u 


{k)\\kF*<l>,s+l,Dr — '-'r,s 


(‘+ 

( 8 y^y 

' ] 


kF*<S>,D2rJ 



0 _ , T^*/~ \ 7 — - V'' f im\ _ / z 6 

(2.30) -^Hk) = ^ ^7^ 2^ {Uk,m) = k 2 2^ { _ ) Ukr- '- 


de 


\m\<kS,m£'Z 


\m\<kS,m£'Z 




then 

(2.31) 

Thus 

(2.32) 


,_n (imy^^ fz 9 

— ' Hk) = k ^ 2^ ^ '- 


d9 I 


\m\<kS,mG7j 




y 

80 


5+1 




<r+Hks) Y1 

kF^^,Dr \ni\<kS,m£'I, 


k 2u^, 


(t. 


""KVk'k 


kF-^,D2r 


From (I2.25tt . there is a function Uk,m{z) G C°° such that 
(2.33) Uk,miz, 9) = yyz)2"^^ on D. 

Formally, we call Uk,m{z) the partial Fourier transform of Uk,m{z, 9) respect to 9. Since 


‘ E 

|m|</c<5,mEZ 

s E 

|m|</c(5,mEZ 


, _ii f z 9 
n-1 _ ( Z 9 


2 

kFl^,D2r 


k- . 


kF*<S>,D2r 


(2.34) 


\m\<k5'^^^’~ 


^k,m 


< Y i \uk,m{zye '^'^^'''>m{z)dv{z) 


(\/fe) 

2 -k^{z), 


dv{z)d9 


\m\<k5 


y/k 


< — 'y f f \ukyz,9ye ^'^^^y{z)dv{z)d9 

^ j\e\<e 


< 


4r 2 4r 

|m|</c(5 


2 ^ y 

hL^ - p ■> 
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where e > 0 is a small constant. From (I2.34D and (I2.32tt . we deduce that 

.+1 2 


-Y 

del 




^ Cr St 


kF*^,Dr 


where Cr,s is a constant independent of k. Combining this with (I2.29D , there exists a 
constant C' > 0 independent of k such that 

(2-35) \\u{k)\\kF;^^,s+l,Dr — ^r,s- 

From (I2.35D and Sobolev embedding theorem, there exists a constant C{x) > 0 such 
that for all k, we have = |n(fc)(0)p < C{x). Since X is compact, we infer 

that C" = sup{A:“”|«A;(x)|^^fc : k > 0,x G X} < oo. Thus, for a local orthonormal frame 
{e-^ : \J\ = q,J strictly increasing} we have that sup{A:“"S '<^5 j{x) : x G X,k > 0} < Cq. 
From Lemma [ZTl we get the conclusion of Theorem l2.4[ □ 


2.2. The Heisenberg guoup Hn- We identify with the Heisenberg gruop Hn := 

X R. We also write {z, 6) to denote the coordinates of Hn, z = {zi, - ■ ■ , Zn-i),0 G R, 
Zj = X 2 j-i + ix 2 j,j = 1, • • • , n — 1. Then 

(2.36) = 1, • • • ,n - l| 
and 

^Uj^H„,Uj^HntT = = I,-- - ,n- l| 

are local frames for the bundles of T^’^Hn and CTHn- Then 

[ ^ 1 

(2.37) < dzj, dzj,LOo = —d9 + '^^{iXj'Zjdzj — iXjZjdzj) : j = 1, • • • , n — 1 > 

[ J=i J 

is the basis of CT*Hn which are dual to Uj^Hnt—T}- Let (• | •) be the Hermitian 

metric defined on T*^'^Hn such that {dz'^ ■.\J\ = q-,J strictly increasing} is an orthonor¬ 
mal frame of T*^’‘^Hn- Let 

n—1 

(2.38) 5b ,dzj A ^ L!0’'?+fyiL„) 

n—l 

be the Cauchy-Riemann operator defined on Put4'o(2;) = ^ iXj^tZjZt G C°°{Hn,M.). 

i,i=l 

Let ('lO^’o inner product on Hq'^(W„) with respect to the weight function <l>o(^) 

defined as follows: 

(2.39) {f\gh, = [ {f\g)e-^°^^^dv{z)de 

JHn 

where dv{z) = 2'^~^dxi ■ ■ ■ dx 2 n- 2 - We denote by || • Ify,, the norm on Hq$ o) 
induced by the inner product (-fy^o- Let us denote by g)(Lfn, 4>o) the completion of 
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ng'^(i7„) with respect to the norm || • ||$(,. Let —)• be the 

formal adjoint of d^^Hn respect to (Kohn Laplacian on Hn is given by 


(2.40) 


= db,HA:Z + ■■ ^AHu) ^ 


^b,H„ 


^*,$0 -a 

%,Hn 


We pause and introduce some notations. Choose x(^) C so that x(0) = 1 

when |0| < 1 and x(ff) = 0 when |0| > 2 and set Xj(^) = x(j)jJ C For any u(z,9) £ 
with ||m|| $0 < oo. Let 


(2.41) uAA = f u{z,e)xj{0)e-^<^^de £ = 1,2,.... 

Jr 


From ParsevaFs formula, {uj(z, rj)} is a cauchy sequence in L^g q){Hn, ‘Fq)- Thus there is 
u{z,r]) £ L^g_^^(iT„,4>o) such that Uj{z,i]) -£ u{z,r]) in L^g^g)(iT„, 4>o). We call u{z,ri) the 
partial Fourier transform of u{z, 6) with respect to 6. From ParsevaFs formula, we can 
check that 


(2.42) / \u{z,r])\'^ e dv{z)dr] = 2 -k f \u{z,9)\'^e ^°^^^dv{z)d9. 

Jh„ JHr, 

Let s £ L^g <Fo)- Assume that J\,s{z,r])\‘^ dr] < oo and J\,s{z,r])\dr] < oo for all 

z G C”“^. Then, from ParsevaFs formula, we can check that 


{u{z,r])\ s{z,ri))e ^°^^^dr]dv{z) 


(2.43) 


2.3. Proof of Theorem 1 1.241 Now we can prove the second part of Theorem 1 1.241 


Theorem 2.5. 

(2.44) limsupA;“”n^^^(x) < (27r)“”' / | det(7^^ + 2s/la;)|(is 

fc —>00 ~ JRx,q n[—<5,<5] 


for all X £ X. 


Proof Fix X £ X and let s be a local trivializing section of L on an open neighborhood 
H of X and |s|^^ = e“*. We take s and canonical local coordinates {z,9),Zj = X 2 j-i + 
ix 2 j,j = 1, • • • ,n — 1 defined in Theorem II. 291 such that czoix) = —d9, {z{x),9{x)) = 0, 
and (12.4D . (12.5D . (12.61) hold . Until further notice, we work with canonical coordinates 
{z, 9) defined on an open neighbourhood H of x and we identify D with some open set 
in We will use the same notations as in section IZTl Fix |J| = q, J is strictly 

increasing. First, from definition of extremal function, there exists a sequence G 
A<kjsi^^ < h < k 2 < ■ ■ ■, such that \\ak^= 1 and 

(2.45) lim j(x)p fe = limsupj(x) 

where ak-,j is the component of along the direction e'^. Put = otk - ® ctk- £ 
We will always use to denote akj if there is no misunderstanding, then 

_ 72 

^F^ak^) £ 


(2.46) 
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It is easy to see that for every j, 


(2.47) 




) 11 ^’^log kj 


< 1 , □ 


(<?) 


= 0 . 


Moreover, we can repeat the procedure in the proof of Theorem 12.41 and obtain that for 
every r > 0 and s G No there is a Cr,s independent of kj such that 


(2.48) 


f ^ \s + l 

^de’ 


a 


{kj) 


< C, 




kjF^ ^,Dr 


Vj. 


From (I2.47D . (12.48ft and Proposition 12. 3 [ we can repeat the same argument in Theorem 
2.9 of im and conclude that there is a subsequence ...} of 0 < 

ks^ < ks 2 < ■ ■ ■, such that a(A:sj converges uniformly with all derivatives on any compact 
subset of Hn to a smooth form u = Yl'\j\=q ujdz'^ G 0°’'^(Tf„) as t ^ oo. Thus, 


(2.49) 


limsupA: j(x) < |ttj(0)|^ . 

k^oo 


Moreover, (12.471) implies that u satisfies 

(2.50) ll'l^ll^'O ^ 1) ~ O' 

Then we will need 


Lemma 2.6. With the notations above, u{z, r]) = 0 in q){Hn, ‘i’o) when |r/| > 5. 

Proof. To prove u{z,r]) = 0 when \ri\ > 5, we only need to show that for any ip{z,r]) G 
C'^(C”^“^ X {?7 G M ; |? 7 | > <5}) and \J\ = q, J is strictly increasing, we have 


(2.51) f uj{z,ri)(p{z,r])e '^°^^'^dv{z)d9 = 0. 

Jh„ 

We assume suppy> ^ {z G : \z\ < tq} x {ry G M : |? 7 | > <5}. Here, {z G ; 

l^l < ro} means {z G : \zj\ < rQ,j = 1, • • • ,n — 1}. Choose x C C'^(M) such that 

X = 1 when |0| < 1 and suppx (s {6* G M : |6*| < 2}. From (12.431) . we have 


(2.52) 


— [ uj{z,r])ip{z,r])e '^°^^^dv{z)dr] = [ uj{z,9)(p{z,6)e ^°^^^dv{z)d9 
JHn JHn 

= lim [ uj{z,9)ip{z,9)e~^°^^'^xi-)dv{z)d9, 


where (p{z, 9) := ^ e*®^(p(z, 7y)(iry is the inverse Fourier transform of (^(z, ry) respect to 

ry. For simplicity, we may assume that converges uniformly with all derivatives on 
any compact subset of Hn to rt as j — )■ cx). Note that G ^(X, L^). For each j, on 
D, we can write 


c^kj = ® ^ e H°’''(i9), Vm G Z, \m\ < kjd, 

m^'L,\m\<kjS 
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and for each m G Z, |m| < ^,(5, we can write 


U\=<1 

akj,m,j = akj,m,jiz) G C'°°(D), V|J| = J is strictly increasing. 

When r is fixed, by dominated convergence theorem 
(2.53) 


0. 


uj{z,6)ip{z,6)e x{-)dv{z)d9 




X] J f^j^^kj,ni,j{^=]e’^i^ip{z,9)x{^^'je'^°^^'^dv{z)d9 


J^OO 


\m\<kjS 


y/Fj 


lim y 

i—^ 


J^OO 


\m\<kj5 


'|z|<ro . 


kj ^^kj,m,J 


z \ i^e 




e’°i (p{z,9)x ( - ) e ^°^^^dv{z)d9. 


Since sup-p (p{z, i]) d {z G C" ^ : |z| < tq} x {0 G M : \r]\ > 5} and |^| <5, we have 

/* -n / -. \ • m n 

e '=i (piz,9)e-'^°^^Uviz)d9 


(2.54) 

By (12341) 

(2.55) 

lim 

j^oo 


= lim 

j^oo 


Now, 

(2.56) 


E , 

\m\<kjS 


Hrr 




\/¥, 


E , 

\m\<kj5 


Hr. 


kj ^kj,m,J 


m 


,v^/ 


(^(z,- —)e-®°^^^dr;(z) =0. 

kn 


E 

kj ^akj,jn,j 

\m\<kj5 

'|2:|<ro 

E 

j k- ‘^akj,m,j 

\m\<kjS 

'\z\<ro 


• m f \ ! n \ 

e (p{z,9)x - e-'^°^^Uv{z)d9 






• m n . 

e'=i(^(z,0) -l) e-^°^^Uviz)d9. 



E , 

\m\<kjS 


h|<»’0 ■ 


kj ^ ^kj,m,J 


e^^%{z,9) ' - 1 ) e-'^°^^^dv{z)d9 





< 


E / ^ 

\m\<kj5d\^\<'^oJ\d\>r 


^kj ,m,J 




\ip{z,9)\e-'^°^^'>dv{z)d9. 
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By Holder inequality, we have 


J\z\<ro J\e\>r \ \/ki j 




(2.57) < 


’\z\<ro J\9\>r 


^ ■\Hz,6)\e '^°^^'>dv{z)d9^ x 


'\z\<ro 7|0|>r 


\if{z,9)\e-'^°^^^dv{z)de] . 


Since supp(/?(z, 77 ) d {z G C"" ^ : |z| < ro} x M, we have 


(2.58) 


sup \(piz,9)\ < 

|2;|<ro 


for some 73 > 3,73 G Z. Combining (I2.57D and (I2.58D . we have 


(2.59) 


J\z\<ro J\d\>r 




< CL 


I r :— 

\ V 



l^^’o 


^kj 

|<ro 


■ \^{z,9)\e-'^°^^Uv{z)d9 




e-‘^^^^'>dv{z) 


-kiF*Mz) 


*■0 1 I 1. rn t ' ""'7 

rP \ -/|q<^ kj 


^\aki,m,jiz)\^e~’'^'^^^'^m{z)dv{z) 


e ' {CLm)dv{z) 
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where Cr^ > 0 and > 0 are constants. Then from (I2.59D and Cauchy-Schwartz 
inequality, 


(2.60) 


E / / 


^kj ,m,J 




■ \^{z,e)\e-'^°^^Uv{z)de 


< 








, 1 ^ 


— ro „p-l 


rP-1 


E / 


\akj,m,j{z, 0 ) 1^6 ^i'^^^">m{z)dv{z)de 


<C' 


^ ^ I ii„ i|2 1 < r’' i|2 < r’' ^ 

I I --'-"'■o^p-i .at; 

^ \|m|<fcj<5 / 

From (I2.53tt . (12.55ft . (12.561) and (12.601) . we get 


(2.61) 


/ wj(^,6l)(A(^,6')e '^°^^^x{-)dv{z)de 
Jh„ r 


rP-i 

,, 1 Vd 


< c^: 


— f’O .,,p-l 


rP ^ v^' 


Letting r —)■ cx), we get the conclusion of Lemma [Z6l 


□ 


n—1 

We pause and introduce some notations. For fixed 77 € M, put ^r]{z) = —2ri ^ Aj [zj p+ 

i=i 

n—1 

Y1 d'j,tZjZt. We take the Hermitian metric (• | •) on the bundle of (0, q) forms 

i,i=l 

of so that {dz'^; \J\ = q, J strictly increasing} is an orthonormal frame. We also 
let denote the space of smooth sections of over and let 

f)Q’'^(C’^“^) be the subspace of 0 °’'J(C”“^) whose elements have compact support in 
Let (• I • )$,, be the inner product on 0°’'^(C”“^) defined by 

if\9K= [ {f\g)e-^-^^^dviz), /,5Gf)^(C-i), 

JC"-1 

where dv{z) = 2'^~^dxidx2 ■ ■ ■ dx 2 n- 2 , and let IHI^^ denote the corresponding norm. Let 
us denote by L^q$,,) the completion of Oq'^(C’^“^) with respect to the norm 

II • ll<i>^- Let 

be the complex Laplacian with respect to (• | where is the formal adjoint 

of d with respect to (• | •) 4 > 7 ,- Let <!',,) —Kern|^^^ be the Bergman 

projection and B^^{z,w) be the distribution kernel of B^^ with respect to (• | • )$^(see 
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section 3.2 in lfT2ll ~). Let : Ti’°C” ^ ^ ^,2 g C"' ^ be the linear map 

defined by 

{M^^U\V) = dd%{U,V), U,V e 

Put 


Mq = {r/ G M : has exactly q negative eigenvalues and n — 1 — q positive eigenvalues}. 

The following lemma is well knownfsee Berman Il3l], Hsiao and Marinescu lfT2]l . Ma and 
Marinescu ||14B ). 

Lemma 2.7. Ifi]^ Rg, then {z, z) = 0/or all z G . Ifr]£ then 

(2.62) Y^^^^^^{Bi^liz,z)dz^\dz-^) = detM^J • lM^(r/) 

The following is also well-known 


Lemma 2.8 (See Theorem 3.1 and Lemma 3.5 in lfT2lH . For almost all rj gR, u{z,r}) G 
j-jO,i}((j-;n-i)^ \u{z,r])\^ e~^°^^'>dv{z) < 00 and 


n—1 

\uj{z,r])f <exp(r/^A/zj 
i=i 



for every strictly increasing index J, | J| = q. 


Now, we can prove 

Proposition 2.9. For every \J\ = q, J is strictly increasing, we have 

uj{0,0) = TT f uj{0,r])drj. 

Proof Let x G f^ydO = 1, x ^ 0 and Xe G XeiO) = Then, 

Xe do, e ^ 0+ in the sense of distributions. Let Xe := f e~^^^Xe{d)dv{9) be the 
Fourier transform of Xe- We can check that |xe(h)l ^ 1 for rj gR, Xeiv) = xi^v) sod 
linie^oXeCh) = lime^ox(eh) = x(0) = 1- Let G such that f^„_i(f(z)dv(z) = 

1, (p ^ 0, (p(z) = 0 if l^l > 1. Put gj{z) = j‘^'^~‘^ip{jz)e^°^^\ j = 1,2, _ Then, for J is 

strictly increasing, | J| = q, we have 

(2.63) ttj(0,0)= lim lim [ {u{z,9)\xe{d)9j{z)diz'^ )e~^°^^^dv{z)d9. 

j^oos^0+ 

From (I2.43D . we see that 

jj{uiz,9) I X6id)gjiz)dz-^ )e~'^°^''Uv{z)d9 
= ^ JJ{u{z,g)\xe{g)gjiz)dz'^)e-'^°'^^'>dgdv{z). 


(2.64) 
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From Lemma it is not difficult to check that for every j and every e > 0, 

^{u{z,r]) I Xe{'n)9j{z)(iz^ )e~'^°^''^dr]dv{z) 

{u{z, T]) I Xe{ri)9j{z)d:z-^ )e~'^°^^Ur]dv{z). 


(2.65) 


kl<i5 


From Lemma [2^ (12.65ft . we can apply Lebesque dominated convergence theorem and 
conclude that 


( 2 . 66 ) 


e^0+ 


lim {u{z,ri)\xe{v) 9 j{z)dz'^ )e ^°^^^dr]dv{z) 


kl<<5 


{u{z,r])\gj{z)dz'^ )e ^°^^^dridv{z) 


From (12.641) and (12.661) . (12.631) becomes 
(2.67) rij(0,0) = lim ^ 

j^OO ZTT 


{u{z,r])\ gj{z)dz'^ )e ^°^^'^dgdv{z). 


\v\<^ 

Put fj{g) = ^ J{u{z,g) \ gj{z)dz'^ )e~^°^^'>dv{z). Since u{z,g) E for almost 

all g, we have limj^oo/j(^) = ^uj{{),g) almost everywhere. Now, for almost every 
ry € M, 

(2.68) 


\m\ = 2^ 

1 


{u{z,g)\ gj{z)dz'^ )e ^°^^^dv{z) 

{uiz, v) I f"'~‘^9^ijz)dz'^ )dv{z) 






1 


2vr VVi^l^i 
^Ci 




\u{z,g)fe-'^°^^'>f^-‘^dv{z 






|(/p(jz)|2e'*’«(")j2"-2dt;(z 




2r,Eirf 




Ti'4!!(7,7) 


2 Z, 


C"-i 


J ] 

1 


dv{z 


w,g)\^ e ^°^'^^dv{w)j (here we used Lemma l2.8ft 




^C3 


where Ci,C 2 , C 3 are positive constants. From this and the Lebesgue dominated conver¬ 
gence theorem, we conclude that 

1 


uj{ 0 , 0 ) = lim / fjiv)dg = / }iuijj{g)dg = ^ / uj{ 0 ,g)dg 


3^°°J\rj\<S 




□ 
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Now we turn to our situation. Fix | J| = q, J is strictly increasing. By Proposition 12.91 
Lemma [2^ and notice that (see (12.42ft ') 


'\ v\<s 


\u{w,r])\‘^e ^°^'^^dv{w)dr] < / \u{w,r])\‘^e °dv(w)dt] < 27r, 


we have 


l«j(o,o)| = — 


/ uj{0,r])dr] 

J\v\<S 


'\v\<s (/c —1 


27r 


< 


1 


\ujiO,r])\‘^ 


- dr ] X 


(2.69) 


277 yj\,^\<s J^n-i\u{w,rj)\‘^e ^o{w)dv{w 

1 

u{w, r])\'^dv{w)dT^ 

{B^\o,0)dz'^\dz'^) J^rL-i\u{w,r])\'^e~^°^'^'>dv{w) 


< 


< 


nv\<s 

1 

1 


'\ v\<S 


/([•n-i lu(w,r])l'^e~'^o(^^dv(w) 


dr] 


1 / {B^^l{0,0)dz'^\d;z-^)dr] 

v2vr \J\r,\<5 ^ . 


Combining 02.491) and 02.691) . we have 


(2.70) 


limsupfc ^ ^ 

k^oo ■ 


{B^\o, 0)d:z"'\dz'')dr]. 


J\^J\ 


\v\<^ 


Then Lemma IZTl Lemma [ZTl and 02.701) imply that 

1 f 


limsup/c ”n^fc5(p) < 2 ^ ^ 

1 

< 




(2.71) 


< 


< 


(277)^ 
1 

i2^r 

1 

(2'^ 


'\ri\<5 


detM$ I • luJr])dr] 


9n[-(5,(5] 


det I dr] 


®p.9n[-(5,(5] 


det(7^p + 2sCp)\ds. 


Thus we get the conclusion of Theorem [23J 


□ 


3. Strong Morse inequalities on CR manifolds with action 

In this section, we will establish the strong Morse inequalities on compact CR man¬ 
ifolds with 5^ action. Following the same argument as in Proposition 3.8, Proposition 
3.9 in lfT2]l and by some minor change we have 
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Proposition 3.1. There exists u G such that 

(3.1) Ikiko = 1 
and 

(3.2) |n(0,0)|2 = (27r)-’^ / IdetM^Jdr/, 

./K5n[-5,(5] 


(3.3) u{z, rj) = 0 when |t/| > 6. 

Proof. Since some notations have been changed from Proposition 3.8 and 3.9 in lfT2]| . 
we will outline the proof here for the convenient of readers. For any t/ G R, we can 
find a unitary matrix {aij{ri))i<ij<n-i such that Zi{r]) = and $^(z) = 

Vj{r])\zj{r])\‘^ , where Vj{r]), j = 1, ■ ■ ■ , n — 1 are the eigenvalues of If 77 G Rg, 
we assume vi{r]) < 0, • • • ,Vq{ri) < 0,Vq+i{r]) > 0, • • • ,Vn-iiv) > 0. Put 


(3.4) a{z,r]) = CqI det exp | j' ^^^< 7(^)5 


where Co = { 27 rf 2 (/R^n[-5,5] I 

have 

(3.5) 


Then □^^ 0 ( 2 ;, r/) = 0. Moreover, we 


-1 


a{z,r])\‘^e = 27 t i / IdetM^Jdr/ | det M$J • lR^n[-< 5 , 5 ](^)- 


J5n[-<5,<5] 


Set 


(3.6) 


1 /" 

u{z, ~ ^ y e^P h rj)dr] G 


Using Lemma 3.2 in IfTSII . we can check that u{z, 6) satifies the properties in Proposition 

O □ 


We will use the same notation as in section 12.11 Fix x G X, choose canonical local 
coordinates (2;, 0) near x such that x ^ 0, D = {{z,e) G X R : |z| < 1, |0| < tt}. 
Choose two cut-off functions y G C'^(C’^“^),r G C'^(R) in such that x(z) = 1 when 
kl < x{z) = 0 when \z\ > 1 and t{ 0) = l,\d\ < ^;t{9) = 0, |0| > 1. Put Xfc( 2 ;) = 
x{T^),Tk{0) = Putufc = Xk{'/kz)Tk{k9)Y,\j\=qUj{Vkz,k6)e-^{z) G U°’‘'(X). 
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Then suppttfc d Dio^. Write ak = k2Uk{z,9) 0 G L^). Then 

y/k 


(3.7) 


l«fcll^Lfc = / e ’^'^^''^\ukiz,e)fdvx = k"- f e ’^'^^'''^xli^z)TkikO)\u{Vkz,ke)fdvx 

J X J X 

^{\/kz)Tl{k9)\u{'\fkz, k9)\^m{z)dv{z)d9 


= F 




Id 


e ’"'^^^'^xl{z)Ti{9)\u{z,9)\‘^m{^)dv{z)d9, 


log k 


Vk' 


where m{z)dv{z)d9 = dvx on D. Then 


(3.8) lim ||afc||^^fc = / e ^°^^^\u{z,9)\^dv{z)d9 = 1. 

k^oo « J 

Second, 

(3.9) fe-"|afc(0,0)|2 , = |n(0,0)|2 = (27r)-’^ / | det(7^^ + 2s£,)|ds. 

Third, from tt = 0, it is easy to see that there exists a sequence > 0, independent 
of p and tending to zero such that 


(3.10) 



< ^fc. 


Moreover, for every j e N, 


(3.11) ^ 0 as t ^ oo. 

Theorem 3.2. Set 13k = Fs^kO^k ■= ^ 7"ofc,m = {i'm)oik,m- Then we will have 

\m\<k6 


{m G ^%{X,L’^),\\^JI3k\\l,u = 1, 

(2) lim /c"”|/3fc(x)|^^fc = (27r)"” [ I det(7^^ + 2s£x)\ds, 

7K,,,n[-5,5] 

(3) < Cl. 

(4) ((ing)^afc|aA))^^, ^ 0 as ^ (X), Vj G N. 


(3.12) 
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Proof. WPkWl^k = E ll«A:,m|lEfc < W^kWli^k- On canonical local coordinates D = 


{{z, 6 ) : \zj\ < r,\d\ < vr, j = 1, • • • , n — 1}, can be expressed as following: 


(3.13) 


ime ^ gk 


im9 ^ ^k 


ak,miz,0) = -^ J ak{z,t)e J Uk{z,t)e 

= —A :2 f Xki'^z)Tk{kt)uj{Vkz,kt)e~^'^^dte^'^^e'^(z) 0 s 
=-^A:2 [ [ Xk{'y^z)u{'/kz,r])Tk{kt)e~^^'^~^^^*dtdr]e 

47r .J-ttJ\7j\<5 

= T^k^ [ XkiVkz)u{Vkz,ri)f ({m - kr])^-^^^'\^^^^drie^'^^ IS) s’^. 
4vr^ J\ri\<5 V k J k 

Assume that \m\ > k5. Then \m — kri\ 0, for all |7y| < 5. There exists a constant C > 0 
independent of k such that 


(3.14) 


f i {m — krf) 


log k 


< 


C 


k^ 


\m — kr]\^ (log k)^ 


By Holder inequality 
(3.15) 


1 


/ \u{Vkz,r])\ 

l\n\<s I'm - kv[^ 


dr] < i \u{'/kz,r])\‘^dr] 


'\r]\<S 


l\rj\<5 [m-kr])' 


:dr] 


Note that 


(3.16) 


/| 77|<5 {m-kriy 


:dri = 




{m — k5)^ {m + k5)^ 


From (I3.13D . (I3.14D . (I3.15D and (13.161) . we have 


(3.17) 


C n k‘^ 

\ak,m{z, 0 )\^Lk < -^k^XkiVkz) 


(log kyV^ 

1 1 


fc<i'(z) 

e ^ 


/ \u{Vkz,r])\‘^dr] \ x 

J\v\<s J 


{m — k5)^ {m + kdY 
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Let 0 < e < ^ be a small constant. Since 


(3.18) 


E 

(logfcV + ^’^^ 

= 2 E 


1 V 


{m — k5)^ {m + k5)^ 


m>k5-\- 


1 ^ 


(log /c)l + ^ 


2 E 


m>k5-\- 


{m — k5)^ {m + k5)^ 


1 2 
(m — k5) 


(log fc)l + ® 


, /■°° 1 
cjt 


1 4 (log/c)2(^+^) 

C (1(7 ^ o 1 

rl 3 fci 


we have 




\m\>k5+ 


(log + ^ 


(3 19) < ^ ^ (logfe)f(i+^) 

(3.19) ^3 e 


\u{Vkz, r])\‘^dr] 


<Cik^XkiVkz) - ^ i_3, e 2 I / |ii(\/fc2:,7?)p(ir? ) , 

(loe/c) 2 \4|r?|<5 / 


(log/c) 2 V4|r(|<5 y 

where Ci > 0 is a constant independent of k. Let jkiz, 0) = ^ ak,m{z, 0). 

(logfcV + ®+^ 

Then 


(3.20) hkiz,9)\l,, < 

For any M > 0, 


|il(\/fe2;, ?7)pdr/. 


(3.21) 


4|e|<f 

M 




'(log/c)i 


' |2|<log k J \ri\<S 


[ xl{z)e ^‘^^^^\u{z,T])\‘^m{^)dv{z)de. 
J\r)\<5 yh 


Letting A: —)■ oo, we have 


(3.22) 


lim [ [ \'ykiz,9)\lj^km{z)dv{z)d0 = 0. 


s/k ' k 



32 


On the other hand 


|afc,m(^,6')Lz,fe < f f Xk{Vkz)Tk{kt)\u{Vkz,r])\dtdr]i 

ZTT J-nJ\rj\<5 

(3.23) - \'^i'^Z’V)\dvXkiVkz) dije 


k^{z) 

e 


< Ck2 


k^(z) 

2 


'|)?|<(5 
/ log k \ 


/ \u{-\/kz,r])\'^dr]\ driXk{'/kz)e \ 

Jm<& / 


\ k J yy|?;|<(5 

where C > 0 is a constant independent of k. Let ak = 
Then 


O'). 

kS<\m\<kS+j^^^^ 


^k\f^Lk < C 


log k k n 


(3.24) 


k (log k) 


!+£■ 


k 2 


'\v\<s 


\u{'/kz,r])\‘^dr]\ Xk{'^z)e 2 


< C- 


1 


(log k) 

From (I3.24D . we can check that 


/C2 


fc«i>(z) 


'|7?|<(5 


|u('\/fe2;,77)p(i?7 ) Xk{'^z)e 2 


(3.25) 


lim / 


|(Tfcpm(2;)(if(z) = 0, VM > 0. 


Write Ofc = /3fc + 7fc + o-fc- Here, /3fc = Xl Then 

|m|<fc5 

(3.26) 

f \l3k\l^km{z)dv{z)d0 = [ 

Since 

(3.27) 

lim 


Ittfc - 7fc - o-fc|Lfenr(z)(it>(2;)d6'. 

I4<^,|0|<f 


..... , |afcP fcm(2:)(it'(2;)d6' = 


'C"-lx{0eR:|6l|<M} 




and ||n|p = 1, for any e > 0, we can choose a constant M > 0 such that 

(3.28) [ \u{z, 0)\‘^e-'^°^^Uviz)de > 1 - e. 

7c"-ix{eeK:|e|<M} 

From (I3.22D . (I3.25D . (13.261) . (I3.27D and (I3.28D . we deduce that 


(3.29) liminf ||/3fc|P^fc > lim [ 

fc—>-oo ^ k—^oo J\^\ 


I4<^,|0|<f 


‘^^^km{z)dv{z)d9 > 1 — e, Ve > 0. 


Thus 


liminf ||/3fc||J^fc > 1. 

k^oo 
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On the other hand ||/3fc||^^s. < < 1, then we have 

(3.30) hm \\l3,f ,=1. 

k^oo 

Proof of (2) in Theorem 13 .21 Recall that ak = f3k + 7k + o'k- From (I3.20D . we have 

(3.31) k-'^hkiOMlL^ 

Then 

(3.32) lim fe-’^| 7 fc( 0 , 0)|2 , =0. 

k^oo ^ 

From (I3.24D . we have 

(3.33) k-MOMl. < 

Then 

(3.34) lim fc-"|afc(0,0)|2 , = 0 . 

k^oo ^ 

Combining (13.9D . (I3.32D and (I3.34D we get the conclusion of the second part of Theorem 

[321 

Proof of (3) in Theorem 13.21 (3^ = Fs^kCXk- Since + {I — Fs^k)o(k- Since 

□Sdt’= then 

(3.35) ngat = agFj.tat + {/ - Fj,t)D“at 
and 

= ('Fs.tingo^lFj.tod 

(3.36) /I \ 

for some Hk tending to zero. Similarly, we can repeat the procedure above and get (4) 
in Theorem [321 Thus we get the conclusion of Theorem of l3.2[ □ 

Proposition 3.3. Let Vk > Obe any sequence with lim^^oo ^ = 0. Then 

'^k 

(3.37) liminf (x) > (27r)-” / | det(7^^ + 2s/:^)|(is, Vx G X 

iR,,,n[-5,5] 

Proof. We will follow the argument of proposition 5.1 in IIT2ll to prove this proposition. 
Let >kvSX,L^) denote the space spanned by the eigenforms of restricting 

to L^) whose eigenvalues are > kvk- Fix x € X and let Pk be defined as in 

Theorem[321 h = ^l+^h where ^1 G 'H'fk6,<kvSX^L^)’ ^ Here 

the closure of ^<^5 >fc,,^(X, L^) is under the Q^-norm defined in Proposition 5.1 IIT2]I . 
Then 

(3.38) WX,, = iplWD^L- < s 7 ^ 
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Since lim ||/3fc||,^fc = 1, we get lim ||/3i||.z,fc = 1. Now, we claim that 

k^oo ^ k^oo " 


(3.39) 

On D 

k^al (g) s^, al G 0°’'^(i9). Then 


lim k ”|/3fc(x)| =0. 

k^oo 

On D with canonical local coordinates {z,0), x o 0 and $(0) = 0, we write /3^ = 


(3.40) 


lim k "|^fc(0)| fe = lim |afc(0)|^ 
k^oo k^oo 


By Proposition 12.31 we have 
(3.41) 


< Cn,r y\Fkoil\\kF*^,D2r + “fc lllF*4>,n,D2r + 

From the proof of Theorem 12.41 we see that 


de ^ 


kF*^,D 2 r, 


(3.42) 


— \ 77*^2 
86 ' ^ 




kFl^,D2r 

where C > 0 is a constant which does not depend on k. Moreover, from (4) in Theo¬ 
rem [3]^ 

(3.43) 


O'Sn^WlFl.n.D,, <C,Y, 


n+1 


m=l 




2 n-l-1 

<ciJ2 

m=l 




A 


0 , 




where Ci > 0 is a constant independent of k. Combining (I3.38D . (I3.40D . (I3.41D . (I3.42D 
and (13.43ft . we get that 


(3.44) 


lim k ”|/3i(0)|2^fe = lim |a|(0)|2 = 0. 
k^oo k^oo 


Then 

(3.45) 


k^oo 

Now, 


lim k ”|/3fe(0)|2 = lim k ”|/3fe(0)|2 = (27r) ^ f | det(7^^ + 2sC^)\ds. 


(3.46) fc-"n^<,y<,,,(x)>fc- 

The Proposition follows. 








(2vr) 


/ 

»/M-i 


,gn[-<5,5] 


det(7^^ -|- 2sCx)\ds. 


□ 


From a simple modification of the proofs of Theorem 12.41 and Theorem 11.241 we get 
the following proposition 


Proposition 3.4. Let Vk > 0 be any sequence with Vk ^ 0, as k ^ oo. Then there is a 
constant Cq > 0 independent of k such that k~^Uff^g (x) < Cq, Vx G X, and 

(3.47) limsup (x) < (27r)“”' / | det(7^^-f 2s£x)|d'S- 

k^oo ~ 5,5] 
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Combining Proposition 13.31 and Proposition I3.4[ we get the conclusion of Theorem 

[L261 


4. Examples 

In this section, some examples are collected. The aim is to illustrate the main results 
in some simple situations. 

4.1. CR manifolds in projective spaces. We consider N > 3. Let [z] = 

[zi,..., zn] be the homogeneous coordinates of CP^“^. Put 

X := I [zi, . . . , Zat] G CP'^ Ai + • • • + Am |^m|^ + • • • + \^n\‘^ = o| , 

where m G N and Aj G M, j = 1,..., iV. Then X is a compact CR manifold of dimension 
2{N — 1) — 1 with CR structure T^’^X := T^’°CP^“^ fj Now, we assume that 

Ai < 0,..., Am < 0, Am+i > 0, Am +2 > 0,..., Aa? > 0. X admits a action: 

5^ X X ^ X, 

(4.1) .p 

6 ® [^1 ) • • • 7 7 ^m+ 1 7 • • • 7 ^n] ^ [fi Zi, . . . , e Z-m 7 •^m+l 7 • • • 7 ^n] 7 ^ C [ TT, Tt) . 

Since {zi,..., Zm) / 0 on X, this action is well-defined. Moreover, it is straightfor¬ 
ward to check that this action is CR and transversal. Let T be the global vector field 
induced by the action. 

Let E —)• CP^“^ be the canonical line bundle with respect to the Fubini-Study metric. 
For j = 1,2,..., X, put Wj = {[^ 1 ,..., zn] G CP^“^; Zj / O}. Then, E is trivial on Wj, 
j = 1,..., X, and we can find local trivializing section ej of E on Wj, j = 1,..., X, such 
that for every j, t = 1,..., X, 

(4.2) ej{z) = %tiz) on Wj f]Wt, z = [zi,..., zn] € Wj f| Wt. 

Zt 

Consider L := E\x- Then, L is a CR line bundle over {X,T^’^X). It is easy to see that 
X can be covered with open sets Uj := Wj\x, j = 1,2,..., m, with trivializing sections 
Sj := ej\x, J = I 7 2,..., m, such that the corresponding transition functions are T—rigid 
CR functions. Thus, L is a T—rigid CR line bundle over (X, T^’°X). Let be the 
Hermitian fiber metric on L given by 

\sj{zi,...,ZN)\\L-=e j = 

It is not difficult to check that is well-defined and is a T-rigid positive CR line 
bundle. From this and Theorem 1 1.71 we conclude that L is a big line bundle over X. 

4.2. Compact Heisenberg groups. Let Ai,...,An_i be given non-zero integers. Let 

^Hn = (C”“^ X R)/..^, where {z, t) ~ (z, t) if 

z — z = (oi,..., an-i) G 

n—1 

t — t — i \j{zjOij — 'ZjUj) G 27rZ. 
i=i 
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We can check that ~ is an equivalence relation and is a compact manifold of 

dimension 2n — 1. The equivalence class of (z, t) E x M is denoted by [{z, t)]. For a 
given point p = [{z, t)], we define Tp'^^Hn to be the space spanned by 

It is easy to see that the definition above is independent of the choice of a representative 
{z,t) for [(- 2 ;,t)]. Moreover, we can check that is a CR structure. ^Hn admits 

the natural action: o [z, t] ^ [z,t + 9], 0 < 9 < 2 tt. Let T be the global vector field 

induced by this action. We can check that this action is CR and transversal and 
T = ^. We take a Hermitian metric (• | •) on the complexified tangent bundle CT ^Hn 
such that 

_ iXz— ——•7 — 1 n-ll 

is an orthonormal basis. The dual basis of the complexified cotangent bundle is 

^dzj , dzj , Wo := —dt + ~ i)^jZjdzj)\j = 1 ,..., n — l| . 

The Levi form Cp of at p E is given by Cp = A dzj. 

Now, we construct a T-rigid CR line bundle L over ^Hn- Let L = {C^~^ x M x C)/= 
where {z, 9, p) = (z, 9, rf) if 

(z,9) ~ {z,9), 

n—1 ^ 

rj = r/exp( ^ Pj,t{zjat + -ajOt)), 

7,i=l 

where a = (oi,..., On-i) = z — z, = A^ty, j,t = 1 ,..., n — 1, are given integers. 
We can check that = is an equivalence relation and L is a T—rigid CR line bundle over 
^Hn- For {z,9,p) E x M x C, we denote [{z,9,p)] its equivalence class. It is 

straightforward to see that the pointwise norm 

I v)]\Il ■= \vf exp ( - f^j,tZjZt) 

is well-defined. In local coordinates (z, 9, p), the weight function of this metric is 

n—1 

7,i=l 

Thus, L is a T—rigid CR line bundle over ^Hn with T—rigid Hermitian metric h^. Note 
that 

= Sj=i d^j A — i^jZj ^), db = Y^j=i dzj A + i^jZj-^). 

Thus d{db4> — dbcf) = 2 ^^j,tdzj A dzt and for any p E 

n—1 

^ ^ f^j,tdzj A (dzf . 
j,t=i 

From this and Theorem 1 1.71 we conclude that 

Theorem 4.1. If is positive definite, then L is a big line bundle on ^Hn- 
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4.3. Holomorphic line bundles over a complex torus. Let 

Tn := + iV^Z^) 

be the flat torus. Let A = where Xj^t = j,t = 1,..., n, are given integers. 

Let L\ be the holomorphic line bundle over with curvature the (1, l)-form 0 a = 
Yljt=i More precisely, Lx := (C"^ x C)/r^ , where (z, 9) ~ (z, 9) if 

z - z = (oi,..., an) G + za/^Z” , 9 = exp ( Yl].t=i + \ajat ))9 . 

We can check that ~ is an equivalence relation and Lx is a holomorphic line bundle over 
Tn- For [(z, 9)] G Lx we define the Hermitian metric by 

and it is easy to see that this definition is independent of the choice of a representative 
(z, 9) of [(z, 9)]. We denote by 4>xiz) the weight of this Hermitian fiber metric. Note that 
dd(j)x = ©A- 

Let be the dual bundle of Lx and let || • ||^* be the norm of L*^ induced by the 
Hermitian fiber metric on Lx- Consider the compact CR manifold of dimension 2n + 1: 
X = {v G L\ : ||u||j;^* = 1}; this is the boundary of the Grauert tube associated to L\. 
The manifold X is equipped with a natural 5^-action. Locally X can be represented in 
local holomorphic coordinates (z, rj), where rj is the fiber coordinate, as the set of all 
(z,7/) such that = 1. The S^-action on X is given by o (z,r/) = (z,e*^r/), 

e*® G S^, (z, rf) G X. Let T be the global vector field on X induced by this 5^ action. We 
can check that this action is CR and transversal. 

Let TT : —)• T„ be the natural projection from L\ onto T„. Let ^ where 

Lj,t = Lt,j, j) f = 1, ■ ■ ■, n, are given integers. Let be another holomorphic line bundle 
over Tn determined by the constant curvature form 0^ = YAjt=i Lj,tdzj A dzt as above. 
The pullback line bundle 7r*L^ is a holomorphic line bundle over L*y If we restrict 7r*L^ 
on X, then we can check that 7r*L^ is a T-rigid CR line bundle over X. 

The Hermitian fiber metric on induced by cj)^ induces a Hermitian fiber metric 
on 7 r*Lf^ that we shall denote by We let -0 to denote the weight of The 

part of X that lies over a fundamental domain of T„ can be represented in local holo¬ 
morphic coordinates (z,.^), where ^ is the fiber coordinate, as the set of all (z,^) such 
that r(z,^) := Aj^tZjZt) — 1 = 0 and the weight tp may be written as 

'(p{z,P,) = d-j,tZjZt- For convenient we denote 'k*L^ by L. From this we see that 

L is a T—rigid CR line bundle over X with T—rigid Hermitian fiber metric h^. It is 
straightforward to check that for any p G X, we have TZp = \d{dbip — dh'ip){p)\T^fix = 
YAjt=i A dzt- Thus, if positive definite, then L is a T—rigid positive 

CR line bundle. From this and Theorem 1 1.71 we conclude that 

Theorem 4.2. If {Lj,t)]~th positive definite, Then L is a big line bundle over X. 
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